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Abstract
We define a 3-algebra with structure constants being symmetric in the
first two indices. We also introduce an invariant anti-symmetric tensor into
this 3-algebra and call it a symplectic 3-algebra. The general N = 5 super-
conformal Chern-Simons-matter (CSM) theory with SO(5) R-symmetry in
three dimensions is constructed by using this algebraic structure. We demon-
strate that the supersymmetry can be enhanced to N = 6 if the sympelctic
3-algebra and the fields are decomposed in a proper fashion. By specifying
the 3-brackets, some presently known N = 5, 6 superconformal theories are
described in terms of this unified 3-algebraic framework. These include the
N = 5, Sp(2N)× O(M) CSM theory with SO(5) R-symmetry , the N = 6,
Sp(2N)× U(1) CSM theory with SU(4) R-symmetry, as well as the ABJM
theory as a special case of U(M) × U(N) theory with SU(4) R-symmetry.
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1 Introduction
Recently, Chern-Simons-matter (CSM) theories with extended supersymme-
tries in three dimensions have attracted a lot of interests, because they are
natural candidates of the dual gauge descriptions of M2 branes. About 20
years ago, generic Chern-Simons gauge theories (with or without matter)
in 3D were demonstrated to be conformally invariant at the quantum level
[1], [2], [3], [4], [5]. However, to describe M2 branes, one needs to further
introduce (extended) supersymmetries into the CSM theories.
The N = 8 CSM theory in D = 3 with SO(4) gauge group was first
constructed independently by Bagger and Lambert [9] and by Gustavsson
[10] (BLG), in terms of the totally anti-symmetric Nambu 3-brackets [6, 7, 8].
The BLG model is known to be the dual gauge description of two M2 branes
[14, 15, 16]. The Nambu 3-algebra equipped with a symmetric and positive-
definite metric is essentially unique [17, 18]: It generates only an SO(4)
gauge symmetry. If, in place of the symmetric and positive-definite metric,
one introduce a Lorentzian metric, then the so-called Lorentzian 3-algebra
can be used to generate an arbitrary gauge group [19]. However, it was shown
that the BLG model constructed from a Lorentzian 3-algebras is actually an
N = 8 super Yang-Mills theory [20, 21], not a CSM theory.
A little later, Aharony, Bergman, Jafferis and Maldacena (ABJM) have
been able to construct an N = 6 superconformal CSM theory with gauge
group U(N)×U(N) and SU(4) R-symmetry [22]. In their construction, the
Nambu 3-brackets did not play any role. At level k, it has been argued that
the ABJM theory describes the low energy limit of N M2-branes probing a
C4/Zk singularity. As k = 1, 2, the supersymmetry is enhanced to N = 8
[11, 12, 13]. In large-N limit, the ABJM theory becomes the dual gauge
theory of M theory on AdS4 × S
7/Zk [22]. Some further investigation of the
ABJM theory can be found in Ref .[23, 25]. In Ref .[26, 27], it has been argued
that one can also obtain the superconformal gauge theories with more or less
supersymmetries by taking a conformal limit of D = 3 gauged supergravity
theories. Using super Lie algebras to classify the gauge groups, Gaiotto and
Witten (GW) have been able to construct a large class of N = 4 CSM
theories [28]. The GW theories are extended to include additional twisted
hyper-multiplets [29, 30]. By generalizing Gaiotto and Witten’s construction,
two new theories, N = 5, Sp(2M)×O(N) and N = 6, Sp(2M)×O(2) CSM
theories, were constructed, and the ABJM theory was re-derived as a special
case of U(M) × U(N) CSM theories [30]. The M theory and string theory
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dualities of N = 5, Sp(2M)×O(N) and N = 6, U(M)×U(N) were studied
in Ref. [31].
In an interesting paper, Bagger and Lambert (BL) have been able to
construct the N = 6 ABJM theory in a modified 3-algebra approach, in
which the structure constants are antisymmetric only in the first two indices
[32]. By introducing an anti-symmetric tensor into a 3-algebra (symplectic 3-
algebra), the authors have constructed another class of N = 6 CSM theories:
the ones with gauge group Sp(2M)×O(2) [33]. Encouraged by the successes,
it is natural to ask whether N = 5 CSM theories can be constructed in terms
of a 3-algebra or not. Furthermore, it is also natural to ask whether all N =
5, 6 CSM theories can be constructed by a unified 3-algebraic framework. In
this paper we will propose to solve these two problems.
In section 3, we define a symplectic 3-algebra in which the structure
constants of the 3-brackets are symmetric in the first two indices. The gen-
eral N = 5 superconformal Chern-Simons-matter (CSM) theory with SO(5)
R-symmetry in three dimensions is constructed in terms of this symplectic
3-algebra. In section 3.2, we provide the N = 5, Sp(2N)× O(M) CSM the-
ory as an example by specifying the 3-brackets. In section 4, we demonstrate
that the supersymmetry can be enhanced to N = 6 by decomposing the sym-
pelctic 3-algebra and the fields properly, and the FI and the symmetry and
reality properties of the structure constants of the N = 6 3-algebra can be de-
rived from their N = 5 counterparts. Therefore all N = 5, 6 superconformal
CSM theories are described by a unified (sympletic) 3-algebraic framework.
By specifying the 3-brackets, the N = 6, Sp(2N)×U(1) and U(M)×U(N)
CSM are derived in section 4.2 and 4.3, respectively. Especially, the famous
ABJM theory is obtained as a special case of N = 6, U(M)× U(N) theory.
Note added: Very recently when we were working on the final version
of our manuscript, a work [39] appeared, which contains some results over-
lapping partially with this paper.
2 Symplectic 3-algebras
It is known that one can construct D = 3,N = 6 CSM theories by using a
3-algebra, in which the structure constants of the three-bracket are antisym-
metric only in the first two indices [32]. This is a natural generalization of the
Nambu 3-algebra whose structure constants are totally antisymmetric[6]. A
further generalization would be to introduce a 3-algebra in which the struc-
3
ture constants are symmetric in the first two indices. In this section, we will
define such a 3-algebra and then use it to construct N = 5 CSM theories in
next section.
By definition, a 3-algebra is a complex vector space equipped with a
ternary, trilinear operation, called the 3-bracket. This operation from three
vectors to one vector can be completely determined by its expressions in
terms of a basis (or a set of generators) Ta (a = 1, 2, · · · , K):
[Ta, Tb;Tc] = fabc
dTd, (1)
where the set of complex numbers fabc
d are called the structure constants.
Here we assume that
[Ta, Tb;Tc] = [Tb, Ta;Tc], (2)
i.e., the structure constants fabc
d are symmetric in the first two indices.
For a field X valued in this 3-algebra, i.e., X = XcTc, we define the global
transformation of the field as [9]:
δΛ˜X = Λ
ab[Ta, Tb;X ], (3)
where the parameter Λab is independent of spacetime coordinate. (We will
gauge this symmetry transformation in subsection 3.1). Because of Eq. (2),
we require that Λab is symmetric in ab, i.e., Λab = Λba. Equation (3) is the
natural generalization of δΛX = Λ
a[Ta, X ] in an ordinary Lie 2-algebra. For
an ordinary Lie 2-algebra, the Jacobi identity is equivalent to
δΛ([X, Y ]) = [δΛX, Y ] + [X, δΛY ]. (4)
That is, δΛX = Λ
a[Ta, X ] must act as a derivative. Analogously, one may
require that Eq. (3) acts as a derivative [9]:
δΛ˜([X, Y ;Z]) = [δΛ˜X, Y ;Z] + [X, δΛ˜Y ;Z] + [X, Y ; δΛ˜Z] (5)
Canceling Λab, Xe, Y f and Zc from both sides, the above equation leads to
the following fundamental identity (FI):
[Ta, Tb; [Te, Tf ;Tc]] = [[Ta, Tb;Te], Tf ;Tc]+[Te, [Ta, Tb;Tf ];Tc]+[Te, Tf ; [Ta, Tb;Tc]]
(6)
Later we will demonstrate that the FI is equivalent to the invariance of the
structure constants: δΛ˜fabc
d = 0 (see Eq. (11)) [32].
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To define a symplectic 3-algebra, we introduce an anti-symmetric tensor
ωab and its inverse ω
ab into the 3-algebra. The existence of the inverse of ωab
(detω 6= 0), and the Eq. ωab = −ωba imply that a 3-algebra index a must
run from 1 to K = 2L. The symplectic bilinear form is defined as follows:
ω(X, Y ) = ωabX
aY b. (7)
We require that the above bilinear form to be preserved under arbitrary
global transformations, namely,
δΛ˜(ωabX
aY b) = 0. (8)
This implies that the structure constants satisfy the condition:
ωdefabc
e = ωcefabd
e. (9)
Now the component form of Eq. (3) can be written as
δΛ˜X
a = Λbcfbcd
aXd
≡ Λ˜adX
d.
With the above definition of Λ˜ad, Eq. (8) must be equivalent to
δΛ˜ωab = −Λ˜
c
aωcb − Λ˜
c
bωac
= −Λde(fdea
cωcb + fdeb
cωac)
= 0, (10)
where we used Eq. (9) in the last line. From point of view of ordinary Lie
group, the (infinitesimal) matrices −Λ˜ca are in the Lie algebra of Sp(2L,C),
preserving the anti-symmetric tensor ωab [33].
By using the FI (6), one can prove that the structure constants are also
preserved under the global symmetry transformations [32]:
δΛ˜fefc
d = −Λ˜gefgfc
d − Λ˜gffegc
d − Λ˜gcfefg
d + Λ˜dgfefc
g
= Λab(−fabe
gfgfc
d − fabf
gfegc
d − fabc
gfefg
d + fabg
dfefc
g) (11)
= 0,
where we have used the FI (6) in the second line. In other words, Eq. (11) is
equivalent to the FI (6). Thus we can use ωab and fabc
d to construct invariant
Lagrangians, when the symmetry is gauged.
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Later, when we gauge this global symmetry, we require that the gauge
fields must be anti-hermitian, leading to a reality condition on the structure
constants (See section (3.1)):
f ∗abc
d = −ωaeωbfωcgωdhfefg
h. (12)
Since Λab carries two symplectic 3-algebra indices, it obeys the following
natural reality condition
Λ∗ab = ωacωbdΛ
cd. (13)
Since the 3-algebra is also a complex vector space, there is a hermitian bilinear
form:
h(X, Y ) = X∗aY a (14)
(with X∗a the complex conjugate of Xa) which is positive-definite and will
be used to construct the Lagrangian of matter fields in CSM theories. The
hermitian bilinear form is also required to be preserved in the sense
δΛ˜h(X, Y ) = δΛ˜(X
∗aY a) = 0. (15)
As in Ref. [33], we will impose the reality conditions on the fields valued in
the 3-algebra, so that respecting them will make the anti-symmetric tensor
(7) and the hermitian bilinear form (14) compatible with each other. Namely
the reality conditions essentially require that X∗a transform in the same way
as ωabX
b under the above symmetry transformations. In fact, by using the
reality conditions (12) and (13), it is easy to prove that
δΛ˜X
∗a = Λ˜∗abX
∗b = −Λ˜baX
∗b. (16)
The last equality indicates that the matrix Λ˜ab is anti-hermitian. Comparing
(16) with
δΛ˜(ωabX
b) = −Λ˜ba(ωbcX
c), (17)
we see that X∗a indeed transform in the same way as ωabX
b. Therefore, it
makes sense to denote X∗a as X¯a, i.e.,
X∗a = X¯a. (18)
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Also, with (16), Eq. (15) is satisfied:
δΛ˜(X
∗aY a) = (δΛ˜X
∗a)Y a +X∗a(δΛ˜Y
a)
= −Λ˜baX
∗bY a +X∗aΛ˜abY
b
= 0 (19)
By (18), the hermitian bilinear form (14) can be written in a manifest invari-
ant form: 1
X∗aY a = X¯aY
a = X¯aδ
a
bY
b, (20)
and Eq. (19) is equivalent to the following equation:
δΛ˜δ
a
b = Λ˜
a
cδ
c
b − Λ˜
c
bδ
a
c = 0. (21)
In summary, the global transformations (10) preserve the hermitian bilinear
form (14) and symplectic bilinear form (7) simultaneously. Or in other words,
δΛ˜ωab = 0 and δΛ˜δ
a
b = 0. (22)
From point of view of ordinary Lie group, the symmetry group generated by
the 3-algebra transformations (3) or (10) is the intersection of U(2L) and
Sp(2L,C), which is Sp(2L).
We call the 3-algebra defined by the above Eq. (1), (2), (6), (7), (9), (14)
and (12) a symplectic 3-algebra. 2
To construct N = 5 CSM theories, the 3-bracket will be required to
satisfy an additional constraint condition (see section 3.1): 3
ω([T(a, Tb;Tc)], Td) = 0 (23)
Or simply f(abc)
e = 0. Now Eq. (23) implies that ω([Ta, T(b;Tc], Td)) = 0 and
ω([Ta, Tb;Tc], Td) = ω([Tc, Td;Ta], Tb). In summary, the structure constants
have the following symmetry properties:
ωdefabc
e = ωdefbac
e = ωdefabc
e = ωbefcda
e. (24)
1By our convention, the hermitian bilinear form is h(Ta, Tb) = δ
a
b. In [32], it is denoted
as ha¯b, which becomes δa¯b in an orthonormal basis.
2We gave the name ‘symplectic 3-algebra’ in our previous paper [33].
3While we were writing this paper, the Ref. [34] appeared which contains a definition
of 3-algebra similar to our definition of symplectic 3-algebra of this paper. See also [35].
Maybe there is a connection between our approach and theirs.
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3 D = 3,N = 5 CSM Theories
3.1 General N = 5 CSM Theories
We first postulate that all matter fields are valued in the symplectic 3-algebra.
We then assume the theory has an SO(5) ∼= Sp(4) R-symmetry. It is conve-
nient to use the Sp(4) indices for R-symmetry. We denote the eight complex
scalar fields as ZaA, and their corresponding complex conjugate Z¯
A
a ≡ Z
∗a
A ,
where A = 1, 2, 3, 4 transforms in the 4-dimensional representation of Sp(4),
and a is a 3-algebra index. Similarly, we denote the fermion fields and their
complex conjugates as ψaA and ψ¯
A
a , respectively. The gauge fields are defined
as
A˜µ
c
d ≡ A
ab
µ fabd
c, (25)
where µ = 0, 1, 2. Finally, we also impose the reality conditions on the fields:
Z∗aA = ω
ABωabZ
b
B,
ψ∗aA = ω
ABωabψ
b
B,
A˜µ
∗c
d = −ωcaω
dbA˜µ
a
b,
A∗abµ = ωaeωbfA
ef
µ . (26)
The last two equations of (26) and Eq. (25) require that the structure con-
stants obey the reality condition:
f ∗abc
d = −ωaeωbfωcgωdhfefg
h. (27)
In terms of the symplectic 3-algebra, now we propose the following man-
ifestly Sp(4) covariant, N = 5 SUSY transformations:
δZaA = iǫ¯A
BψaB
δψaA = γ
µDµZ
a
Bǫ
B
A +
1
3
fcdb
aωBCZbBZ
c
CZ
d
Dǫ
D
A −
2
3
fcdb
aωBDZbCZ
c
DZ
d
Aǫ
C
B
δA˜µ
c
d = iǫ¯
ABγµψ
b
BZ
a
Afabd
c. (28)
Here ǫAB is the antisymmetric supersymmetry parameter, satisfying
ǫAB = −ǫBA
ωABǫ
AB = 0
ǫ∗AB = ω
ACωBDǫCD. (29)
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Namely, they transform as 5 of Sp(4). The last equation of (29) is the reality
condition on ǫAB. The covariant derivatives are defined as
DµZ
A
d = ∂µZ¯
A
d − A˜µ
c
dZ¯
A
c (30)
DµZ
d
A = ∂µZ
d
A + A˜µ
d
cZ
c
A. (31)
Following BL’s strategy [32], we will derive the equations of motion by
requiring that the supersymmetry transformations are closed on-shell. Let
us first examine scalar supersymmetry transformation. By virtue of the
identities in the appendix A, we find
[δ1, δ2]Z
a
A = v
µDµZ
a
A −
2
3
fbdc
aΛcdZAb +
2
3
fcdb
aΛcdZbA, (32)
where
vµ ≡ −
i
2
ǫ¯BD2 γ
µǫ1BD, (33)
Λcd ≡ −
i
2
ZcDZ
d
C(ǫ¯
CE
1 ǫ2E
D − ǫ¯CE2 ǫ1E
D) = Λdc, (34)
and the ǫ bilinear is symmetric in CD. While the first term of Eq. (32)
is the gauge covariant translation, we have to impose some conditions on
the structure constants so that the remaining terms add up to be a gauge
transformation. (We will read off the parameter of the gauge transformation
by looking the closure of the algebra on the gauge fields.)
We tentatively assume that the third term of Eq. (32) is proportional
to the gauge transformation. So the second term of Eq. (32) should be
also proportional to the gauge transformation. This leads us to impose an
additional constraint condition on the structure constants:
1
2
(fbdc
a + fbcd
a) =
α
2
fcdb
a, (35)
where α is a constant, to be determined later. Now the second and third
term of Eq. (32) can be combined as
1
3
(−α + 2)fcdb
aΛcdZbA, (36)
which should be the gauge transformation.
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Let us now look at the gauge fields:
[δ1, δ2]A˜µ
a
b = v
νF˜νµ
a
b − (DµΛ
cd)fcdb
a
+vν [F˜µν
a
b − εµνλ(Z
c
AD
λZAd −
i
2
ψ¯BcγλψdB)fcdb
a]
+O(Z4), (37)
where the last term O(Z4) is fourth order in the scalar fields Z. We recognize
the second term of the first line as a gauge transformation
− (DµΛ
cd)fcdb
a = −Dµ(Λ
cdfcdb
a) (38)
by a parameter Λ˜ab = Λ
cdfcdb
a, since the FI (6) or (11) implies that Dµfcdb
a =
0 [32]. In accordance with the parameter, now (36) must satisfy the following
equation: 4
1
3
(−α + 2)fcdb
aΛcdZbA = Λ
cdfcdb
aZbA. (39)
This equation can be solved by setting α = −1. Or in other words, Eq. (39)
can be solved if Eq. (35) can be written as
f(bcd)
a = 0, (40)
which is equivalent to Eq. (23). Now Eq. (32) becomes
[δ1, δ2]Z
a
A = v
µDµZ
a
A + Λ˜
a
bZ
b
A, (41)
as expected.
Following Gustavsson’s approach [10], one can demonstrate that the FI
(6) admits an explicit solution in terms of a tensor product: fabc
d = kmnτ
m
abT
nd
c ,
where kmn is the Killing-Cartan metric of Sp(2L), and τ
m
ab = ωacT
mc
b [28].
The matrix Tmcb is in the fundamental representation of Sp(2L), and ωac
is the Sp(2L)-invariant anti-symmetric tensor. Now Eq. (40) implies that
kmnτ
m
(abτ
n
c)d = 0, which is first derived by GW [28]. In the GW theories, it is
the key requirement for enhancing the N = 1 supersymmetry to the N = 4
supersymmetry.
4According to our convention, if δ
Λ˜
ZaA = Λ˜
a
bZ
b
A, we must set δΛ˜A˜µ
a
b = −DµΛ˜ab so
that δ
Λ˜
(DµZ
a
A) = Λ˜
a
b(DµZ
b
A).
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By using the FI (6) and the symmetry conditions (24), one can prove that
the last term of Eq. (37) vanishes:
O(Z4) = 0. (42)
So the second line of Eq. (37) must be the equations of motion for the gauge
fields:
F˜µν
a
b − εµνλ(Z
c
AD
λZAd −
i
2
ψ¯BcγλψdB)fcdb
a = 0. (43)
Now only the first line of Eq. (37) remains:
[δ1, δ2]A˜µ
a
b = v
νF˜νµ
a
b −DµΛ˜
a
b, (44)
which is the desired result.
Finally we turn to the fermion supersymmetry transformation:
[δ1, δ2]ψ
a
A = v
µDµψ
a
A + Λ˜
a
bψ
b
A
+
i
2
(ǫ¯BC1 ǫ2BA − ǫ¯
BC
2 ǫ1BA)E
a
C
−
1
2
vνγ
νEaA, (45)
where
EaA = γ
µDµψ
a
A − fcdb
aZbBZ
BcψdA + 2fcdb
aZbBZ
c
Aψ
Bd. (46)
Hence the equations of motion for fermionic fields are EaA = 0. The scalar
equations of motion can be derived by taking the super-variation of the
fermionic equations of motion:
δEaA = 0. (47)
After Fierz transformation, we obtain two independent parts, containing
γµǫBC and ǫBC , respectively. The part containing γ
µǫBC merely implies the
equations of motion for the gauge fields, so we will not write it down here.
The part containing ǫBC reads(
δ
[C
A F
B]a +GA
BCa
)
ǫBC = 0, (48)
where
FBa ≡ −D2ZBa + ifcdb
aZCbψ¯BcψdC +
1
3
fefd
gfgcb
aZbCZ
CcZdDZ
DeZBf , (49)
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and
GA
BCaǫBC ≡
[
ifcdb
a(
3
2
ZBdψ¯CcψbA + Z
c
Aψ¯
CbψBd) + ifd[cb]
aZBbψ¯CcψdA (50)
+
2
3
(fefd
gfgcb
a + fceb
gfgfd
a + 2febd
gfgfc
a)ZbDZ
DcZCdZBeZfA
]
ǫBC .
Since the parameters ǫBC are traceless, in the sense that ω
BCǫBC = ǫB
B =
0, Eq. (48) must be equivalent to the following traceless equation:
δ
[C
A F
B]a −
1
4
ωBCF aA +GA
BCa −
1
4
ωBCωDEGA
EDa = 0. (51)
Contracting on AC gives the scalar equations of motion:
FBa +
4
5
GA
BAa −
1
5
GBA
Aa = 0. (52)
After some simplification we obtain
0 = −D2ZBa − ifabc
d(ZBd ψ¯
CcψbC − 2Z
Ccψ¯bCψ
B
d ) (53)
−
1
5
(fabc
gfgde
f + fabd
gfgce
f + 3fabe
gfcdg
f − 3fabe
gfgdc
f )ZbAZ
AcZdCZ
CeZBf .
All the equations of motion can be derived as the Euler-Lagrangian equa-
tions from the following action:
L =
1
2
(−DµZ¯
A
a D
µZaA + iψ¯
A
aDµγ
µψaA)
−
i
2
ωABωCDωdefabc
e(ZaAZ
c
Bψ¯
b
Cψ
d
D − 2Z
a
AZ
c
Dψ¯
b
Cψ
d
B)
+
1
2
ǫµνλ(ωdefabc
eAabµ ∂νA
cd
λ +
2
3
ωfhfabc
gfgde
hAabµ A
cd
ν A
ef
λ ) (54)
−
1
60
(2fabc
gfgdf
e − 9fcda
gfgfb
e + 2fabd
gfgcf
e)ZfAZ
AaZbBZ
BcZdCZ
C
e .
With the reality conditions (12) and the first equation of (26), one can recast
the potential term into the following form:
V =
2
15
(ΥdABC)
∗ΥdABC , (55)
where
ΥdABC ≡ fabc
d(ZaAZ
b
BZ
c
C +
1
4
ωBCZ
a
AZ
b
DZ
Dc). (56)
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Therefore the potential term is actually positive definite. Also it is not diffi-
cult to verify that the Lagrangian (54) has manifest N = 5 supersymmetry
with Sp(4) R-symmetry; namely it is indeed invariant (up to some boundary
terms) under the supersymmetry transformations (28). It is easy to check
that the above Lagrangian is a scale invariant, local field theory, provided
that the structure constants are dimensionless. This implies that the theory
is classically conformal invariant. We expect that after quantization it is
conformally invariant at the quantum level.
In the same manner as in our previous paper [33], if we specify the 3-
brackets properly, certain Lie algebra of the gauge groups can be generated
by the FI (6) of the 3-algebra. In the next subsection, we will provide the
N = 5, Sp(2N)× O(M) CSM theory as an example.
3.2 N = 5, Sp(2N)× O(M) CSM theory
To generate a direct product gauge group, such as Sp(2N)×O(M), we first
split one 3-algebra index into two indices: a → kkˆ. As a result, a 3-algebra
valued field becomes ZaA → Z
kkˆ
A . We also decompose the antisymmetric
tensor as ωab → ωkˆlˆδkl, where ωkˆlˆ is anti-symmetric, and require Z
kkˆ
A to
be valued in the bi-fundamental representation of Sp(2N) × O(M). (Here
k, l = 1, · · · ,M are the O(M) indices while kˆ, lˆ = 1, · · · , 2N the Sp(2N)
indices.) With this decomposition of ωab, we can rewrite the reality condition
(26) as
Z†A
kˆk
≡ ωABωkˆlˆδklZ
llˆ
B, (57)
and similar conditions for the fermion and gauge fields. Consequently, the
hermitian bilinear form of two fields
ωABωabZ
b
BZ
a
A = Z
∗a
A Z
a
A = Z¯
A
a Z
a
A, (58)
can be rewritten in a trace form:
Z†A
kˆk
ZkkˆA = Tr(Z
†AZA) (59)
We then specify the 3-brackets as follows:
[Tkkˆ, Tllˆ;Tmmˆ] = k(δklωkˆmˆTmlˆ + δklωlˆmˆTmkˆ − δkmωkˆlˆTlmˆ + δlmωkˆlˆTkmˆ). (60)
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The overall coefficient k on the right-hand side is assumed to be a real con-
stant. It is straightforward to verify that the 3-brackets satisfy the FI (6)
and the constraints (23). The corresponding structure constants are
fkˆk,lˆl,mˆm
nˆn = −k[(δkmδ
n
l − δ
n
k δlm)ωkˆlˆδ
nˆ
mˆ − δklδ
n
m(δkˆmˆδ
nˆ
lˆ
+ δnˆ
kˆ
ωlˆmˆ)]. (61)
It is not hard to check that the structure constants have the symmetry prop-
erties (24), and satisfy the reality condition (27). We observe that the struc-
ture constants are the same as the components of an embedding tensor in
Ref. [27]. This is not merely an accident, and we will explore their relations
in a coming paper. With this choice of structure constants, the gauge fields
(25) become: (We re-scale Aabµ by
1
k
in eq. (25).)
A˜µ
mmˆ
nnˆ = Aµ
kkˆ,llˆfkˆk,lˆl,nˆn
mmˆ
= −(Aµnˆl
lmˆ + Aµ
lmˆ
nˆl)δ
m
n + (Aµlˆn
mlˆ + Aµ
mlˆ
lˆn)δ
mˆ
nˆ
≡ −(Aµnˆ
mˆ + Aµ
mˆ
nˆ)δ
m
n + (−Bµn
m +Bµ
m
n)δ
mˆ
nˆ
≡ Aˆµ
mˆ
nˆδ
m
n + Aµ
m
nδ
mˆ
nˆ. (62)
It is easy to see that Aˆµ
mˆ
nˆ is the Sp(2N) part of the gauge potential, because
it can be written as Akˆlˆµ (tkˆlˆ)
mˆ
nˆ, where (tkˆlˆ)
mˆ
nˆ is the fundamental represen-
tation of the ordinary Lie algebra Sp(2N). Similarly, we can identify Aµ
m
n
as the O(M) part of the gauge potential. As we explained in our previous
paper [33], the Lie algebra of the gauge group Sp(2N) × O(M) is actually
generated by the FI (6) after we specify the structure constants by Eq. (61).
We would like to derive the N = 5, Sp(2N)×O(M) Lagrangian and the
corresponding supersymmetry transformation law in the 3-algebraic frame-
work. With the notation (59), the kinetic terms for matter fields in the
Lagrangian (54) read
−
1
2
Tr(DµZ
†ADµZA − iψ¯
†ADµγ
µψA). (63)
With the choice of the structure constants (61), we learn that
ωdefabc
eXaY bZcW d = −kTr(XY†ZW† +YX†ZW† − ZX†YW† − ZY†XW†).
(64)
Hence the Yukawa terms in the Lagrangian (54) become
ikεABCDTr(ZAψ¯
†
BZCψ
†
D) (65)
−i
k
2
Tr(ψ¯†AZBZ
†BψA − ψ¯AZ
†
BZ
Bψ†A − 2ψ¯†AZBZ
†AψB + 2ψ¯AZ†BZAψ
†
B),
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where we have used the following Sp(4) identity:
εABCD = −ωABωCD + ωACωBD − ωADωBC . (66)
Substituting the definition of the gauge fields (62) into the ‘twisted’
Chern-Simons term in the Lagrangian (54) gives the conventional Chern-
Simons term
1
4k
ǫµνλTr(Aˆµ∂νAˆλ +
2
3
AˆµAˆνAˆλ − Aµ∂νAλ −
2
3
AµAνAλ). (67)
Finally we want to calculate the potential terms in the Lagrangian (54).
By using ωdefabc
e = ωcefabd
e, they can be re-written as
1
60
Tr(2[ZA, ZB;Z
B][ZC , ZA;ZC ]
† − 9[ZB, ZC ;Z
A][ZC , ZB;ZA]
†
+2[ZA, ZB;ZC ][Z
C , ZA;Z
B]†). (68)
The last two terms can be combined together:
−
4k2
15
(ωAFωBEωCD − 2ωAFωBCωDE + 2ωACωBFωDE − ωAEωBFωCD
+ωACωBEωDF − ωAEωBCωDF )Tr(Z
BZ†DZAZ†CZEZ†F ). (69)
The first term becomes
k2
30
(2ωADωBEωCF + 4ωABωCFωDE − 2ωAEωBDωCF + ωADωBCωEF
−2ωABωCDωEF − ωACωBDωEF + ωADωBFωCE + 2ωABωCEωDF
−ωAFωBDωCE)Tr(Z
BZ†DZAZ†CZEZ†F ). (70)
Clearly, they can be simplified further. Taking account of the cyclic property
of the trace, there are only four possible potential terms:
(c1ωADωBEωCF + c2ωBDωCEωAF + c3ωADωCEωBF + c4ωCDωAEωBF )
×Tr(ZAZ†DZBZ†EZCZ†F ), (71)
where c1, · · · and c4 are constants. After some work, we reach the final
expression for the potential:
k2
6
Tr(−6ZAZ
†AZBZ
†CZCZ
†B + 4ZAZ
†CZBZ
†AZCZ
†B
+ZAZ
†AZBZ
†BZCZ
†C + ZAZ
†BZBZ
†CZCZ
†A). (72)
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In deriving this potential, we have used another Sp(4) identity [30]:
εGABCε
GDEF = 3!δD[Aδ
E
Bδ
F
C] (73)
= 3(−δD[Aω
EFωBC] + δ
E
[Aω
DFωBC] − δ
F
[Aω
DEωBC]).
In summary, with the choice of the structure constants (61), the Lagrangian
(54) is given by
L = −
1
2
Tr(DµZ
†ADµZA − iψ¯
†ADµγ
µψA) + ikε
ABCDTr(ZAψ¯
†
BZCψ
†
D)
−i
k
2
Tr(ψ¯†AZBZ
†BψA − ψ¯AZ
†
BZ
Bψ†A − 2ψ¯†AZBZ
†AψB + 2ψ¯AZ†BZAψ
†
B)
+
1
4k
ǫµνλTr(Aˆµ∂νAˆλ +
2
3
AˆµAˆνAˆλ −Aµ∂νAλ −
2
3
AµAνAλ)
+
k2
6
Tr(−6ZAZ
†AZBZ
†CZCZ
†B + 4ZAZ
†CZBZ
†AZCZ
†B
+ZAZ
†AZBZ
†BZCZ
†C + ZAZ
†BZBZ
†CZCZ
†A), (74)
Substituting the structure constants (61) into (28), the SUSY transfor-
mation law reads
δZA = iǫ¯A
BψB
δψA = γ
µDµZBǫ
B
A −
2k
3
ǫCA(Z[BZ
†BZC] + ZBZ
†
CZ
B)
+
4k
3
ǫCB(Z[CZ
†BZA] + ZCZ
†
AZ
B)
δAµ = ikǫ¯
ABγµ(ZAψ
†
B + ψBZ
†
A)
δAˆµ = −ikǫ¯
ABγµ(ψ
†
BZA + Z
†
AψB). (75)
The N = 5, Sp(2N)×O(M) Lagrangian (74) and the supersymmetry trans-
formation law (75) are in agreement with those given in ref. [30], which were
derived in terms of ordinary Lie algebra. This theory has been conjectured to
be the dual gauge theory of M2 branes probing a C4/Dˆk singularity, where
Dˆk is the binary dihedral group [30, 31].
4 D = 3,N = 6 CSM Theories from 3-algebras
In Ref. [30], the N = 6 theories are derived from the N = 5 theories
by enhancing the R-symmetry from Sp(4) to SU(4). In this section we
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will implement the same idea in the context of 3-algebras. We will call the
symplectic 3-algebras presented in this paper and in Ref. [32], respectively,
to construct the N = 5, N = 6 theories as the “N = 5, N = 6 3-algebra”,
respectively. We will see that the symplectic 3-algebra provides framework
unifying the N = 5 and N = 6 CSM models.
4.1 General N=6 CSM Theories
The enhancement of R-symmetry from Sp(4) to SU(4) in ref. [30] is based on
the following observation: The reality condition (26) implies that the complex
conjugate of a matter field can be obtained by a similarity transformation.
Therefore the matter fields actually furnish a pseudo-real presentation of the
gauge group. If we decompose this pseudo-real representation into a complex
representation and its conjugate representation, then the Sp(4) R-symmetry
will be enhanced to SU(4), and the global N = 5 SUSY will get enhanced
to N = 6.
In this section, we will show that this enhancement can be implemented
exclusively in the framework of symplectic 3-algebra, which thus provides a
unified framework for both N = 5 and N = 6 theories. Since in our approach
the ordinary Lie algebra of the gauge groups is generated by the FI and the
3-brackets, the challenge we face is to derive the N = 6 3-algebra from the
3-algebra proposed in this paper.
Following ref. [30], we first decompose an N = 5 scalar field as a direct
sum of an N = 6 scalar field and its complex conjugate (See eq. (80)):
(ZaA)N=5 → Z
aα
A = Z¯
a
Aχ1α + ωABZ
B
a χ2α = Z¯
a
Aδ1α + ωABZ
B
a δ2α, (76)
where the right hand side of the arrow contains N = 6 fields. Here the index
a of the left hand side of the arrow runs from 1 to 2L, while the index a of
the right hand side of the arrow runs from 1 to L. And χ1α and χ2α are “spin
up” and “spin down” spinor, respectively; i.e.,
χ1α =
(
1
0
)
, χ2α =
(
0
1
)
. (77)
To make the N = 5 SUSY transformation law (28) consistent with that of
N = 6 (see below the first two equations of eq. (95)), we have to decompose
the N = 5 fermion fields as follows:
(ψaA)N=5 → ψ
aα
A = ωABψ
Baδ1α − ψAaδ2α, (78)
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where the right hand side contains N = 6 fermion fields. We further decom-
pose the anti-symmetric tensor ωab and its inverse as
ωab → ωaα,bβ = δa
bδ1αδ2β − δ
a
bδ2αδ1β ,
ωab → ωaα,bβ = δa
bδ2αδ1β − δ
a
bδ1αδ2β . (79)
Then the reality condition (26) reads
Z∗Aa = Z¯
a
A, ψ
∗Aa = ψAa, (80)
in agreement with those for N = 6 theories. This justifies the above decom-
position (79) of the anti-symmetric tensor of the N = 5 3-algebra to derive
the N = 6 3-algebra.
To be compatible with the decomposition of scalar and fermion fields, one
has to decompose the gauge fields as
(A˜µ
a
b)N=5 → A˜µ
aα
bβ = A˜µ
a
bδ1αδ1β − A˜µ
b
aδ2αδ2β, (81)
where the right hand side is a direct sum of N = 6 gauge fields and their
complex conjugates. Since our gauge fields (A˜µ
c
d)N=5 are defined in terms
of the structure constants of a 3-algebra, i.e.,
(A˜µ
c
d)N=5 = (A
ab
µ fabd
c)N=5, (82)
(see also Eq. (25)), we have to decompose its structure constants properly to
result in the desired decomposition Eq. (81). We find that Eq. (81) indeed
follows from the decomposition of the structure constants given by
(ωdefabc
e)N=5 → ωdδ,eηfaα,bβ,cγ
eη
= facdbδ2αδ1βδ2γδ1δ + f
ad
cbδ2αδ1βδ1γδ2δ
+f bcdaδ1αδ2βδ2γδ1δ + f
bd
caδ1αδ2βδ1γδ2δ, (83)
combined with the decomposition of (Aabµ )N=5 given by
(Aabµ )N=5 → A
aα,bβ
µ = −
1
2
(Aµ
a
bδ1αδ2β + Aµ
b
aδ2αδ1β). (84)
With these decompositions, the N = 6 gauge fields become: (see the right
side of Eq. (81))
A˜µ
c
d = Aµ
b
af
ca
bd. (85)
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Later we will identify the above f cabd in the right side of eq. (83) as the
structure constants of the N = 6 3-algebra. With eq. (79) and (83), the
reality condition of the structure constants (27) reduces to
f ∗abcd = f
cd
ab, (86)
as desired for the N = 6 3-algebra [32, 33].
Since we decompose a matter field as a direct sum of a N = 6 matter
field and its complex conjugate, it is necessary to decompose a generator of
the 3-algebra as a direct sum of a generator of a 3-algebra and its complex
conjugate. This can be accomplished by setting
(Ta)N=5 → Taα = t¯aδ1α − t
aδ2α, (87)
where ta is a generator of the 3-algebra, and t¯a its complex conjugate.
The hermitian bilinear form of two N = 5 fields will be (for instance):
(Z∗a1AZ
a
2A)N=5 = (ωabω
ABZb1BZ
a
2A)N=5
→ ωaα,bβω
ABZbβ1BZ
aα
2A
= Z¯a2AZ
A
1a + Z¯
a
1AZ
A
2a. (88)
Namely, it becomes a sum of the hermitian bilinear form of two N = 6 fields
and its complex conjugate. Generally speaking, the hermitian bilinear form
of two arbitrary N = 6 3-algebra valued fields will become
h(X, Y ) = X∗aYa ≡ X¯
aYa. (89)
The reality condition (86) and Eq. (83) imply that the N = 5 3-bracket
(1) can be decomposed as a direct sum of N = 6 brackets and their complex
conjugates as follows:
[Ta, Tb;Tc]N=5 → [Taα, Tbβ;Tcγ]
= [ta, tc; t¯b]δ2αδ1βδ2γ + [t
a, tc; t¯b]
∗δ1αδ2βδ1γ
+[tb, tc; t¯a]δ1αδ2βδ2γ + [t
b, tc; t¯a]
∗δ2αδ1βδ1γ . (90)
Here the 3-brackets
[ta, tc; t¯b] = f
ac
bdt
d. (91)
are those for the N = 6 3-algebra. Such 3-brackets were first proposed by
Bagger and Lambert [32] for a N = 6 CSM theory. An unusual feature of
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the 3-brackets is that it involves complex conjugate for the third generator.
Our above decomposition from the N = 5 3-algebra reveals clearly the origin
of the need for complex conjugation of the third generator.
Later we will see that the structure constants defined in Eq. (91) are
indeed anti-symmetric in the first two indices. (See Eq. (93).) With Eq.
(90), the fundamental identity (6) reduces to
f fcdgf
ag
eb − f
af
gbf
gc
de + f
cf
egf
ag
db − f
ac
gbf
gf
ed = 0, (92)
as desired. Also the constraint condition (23) on the structure constants and
the symmetry properties (24) of the structure constants reduce to
fabcd = −f
ba
cd = f
ba
dc. (93)
One easily recognizes that eqs. (89), (91), (92), (86), and (93) are those
defining the N = 6 3-algebra used in ref. [32]. (The relation between the
N = 6 3-algebra and super Lie algebra was discussed in Ref. [36].)
Substituting Eq. (76), (78), (83), and (84) into the N = 5 Lagrangian
(54) and the SUSY transformation law (28), and using the Sp(4) identity
(66) and (73), we reproduces the N = 6 Lagrangian
L = −DµZ¯
a
AD
µZAa − iψ¯
AaγµDµψAa
−ifabcdψ¯
AdψAaZ
B
b Z¯
c
B + 2if
ab
cdψ¯
AdψBaZ
B
b Z¯
c
A
−
i
2
εABCDf
ab
cdψ¯
AcψBdZCa Z
D
b −
i
2
εABCDf cdabψ¯AcψBdZ¯
a
CZ¯
b
D
+
1
2
εµνλ(fabcdAµ
c
b∂νAλ
d
a +
2
3
facdgf
ge
fbAµ
b
aAν
d
cAλ
f
e) (94)
−
2
3
(fabcdf
ed
fg −
1
2
f ebcdf
ad
fg)Z¯
c
AZ
A
e Z¯
f
BZ
B
a Z¯
g
DZ
D
b ,
and the N = 6 SUSY transformation law reads
δZAd = −iǫ¯
ABψBd
δZ¯dA = −iǫ¯ABψ
Bd
δψBd = γ
µDµZ
A
d ǫAB + f
ab
cdZ
C
a Z
A
b Z¯
c
CǫAB + f
ab
cdZ
C
a Z
D
b Z¯
c
BǫCD
δψBd = γµDµZ¯
d
Aǫ
AB + f cdabZ¯
a
CZ¯
b
AZ
C
c ǫ
AB + f cdabZ¯
a
CZ¯
b
DZ
B
c ǫ
CD (95)
δA˜µ
c
d = −iǫ¯ABγµZ
A
a ψ
Bbf cabd + iǫ¯
ABγµZ¯
a
AψBbf
cb
ad.
Here the SUSY transformation parameters ǫAB satisfy
ǫAB = −ǫBA (96)
ǫ∗AB = ǫ
AB =
1
2
εABCDǫCD (97)
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Now the parameters ǫAB transform as the 6 of SU(4). It is in this sense
that the global N = 5 SUSY gets enhanced to N = 6. The Lagrangian (94)
and the transformation law (95) are the same as the ones obtained in the
3-algebra approach for N = 6 theories in ref. [32].
The N = 6 superconformal CSM theories in three dimensions can be clas-
sified by super Lie algebras [28, 30, 38] or by using group theory [37]. Two pri-
mary types are allowed: with gauge group U(M)×U(N) and Sp(2N)×U(1),
respectively. In the next two subsections we will drive these two theories by
specifying the structure constants of the N = 6 3-algebra.
4.2 N = 6, Sp(2N)× U(1)
The Lagrangian and SUSY transformation law for this theory were first con-
structed in ref. [33], starting from a formalism for the symplectic 3-algebra,
involving an anti-symmetric tensor, that is different from the 3-algebra for-
malism of Bagger and Lambert [32]. Here we would like to present the theory
completely in the framework of ref. [32]. We first specify the structure con-
stants as 5
ωa−,e+ωb−,f+f
e+,f+
c+,d+ = −k[(ωabωcd+ ωacωbd)h+−h+− + (ωadǫ+−)(ωbcǫ+−)],
(98)
where k is a real constant, ωab an antisymmetric bilinear form (a, b = 1, 2, · · · , 2N),
h+− = h−+ = 1 and ǫ+− = −ǫ−+ = ih+−. Here a, b are the Sp(2N) indices
while +,− the SO(2) indices. And ωa−,e+ ≡ ωaeh−+ is the gauge invariant
antisymmetric tensor. Since ωa−,e+ is non-singular, Eq. (98) is equivalent to
the following equation:
fa+,b+c+,d+ = k(ω
abωcd + δ
a
dδ
b
c − δ
a
cδ
b
d)δ
+
+δ
+
+. (99)
Suppressing the SO(2) indices gives
fabcd = k(ω
abωcd + δ
a
dδ
b
c − δ
a
cδ
b
d). (100)
It is not too difficult to check that the structure constants satisfy the FI (92)
and the reality condition (86), and also have the desired symmetry properties
5In the Lagrangian (94) of section 4.1, the index a runs from 1 to L. In this subsection,
we split it into two indices: a → a±, and set L = 4N . We hope this will not cause any
confusion.
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(93). We see that after suppressing the SO(2) indices, the structure constants
are the same as the components of an embedding tensor in Ref. [27].
In fact, in accordance with Eqs. (85) and (100), the gauge fields can be
decompoesed into two parts:
A˜µ
c
d = Aµ
b
af
ca
bd (101)
= −(Aµd
c + Aµ
c
d) + (Aµ
a
a)δ
c
d
≡ Bµ
c
d + Aµδ
c
d.
It is natural to identify Aµ as the U(1) part of the gauge potential, and Bµ
c
d as
the Sp(2N) part. The reason is that we can recast Bµ
c
d as A
ab
µ (tab)
c
d, where
(tab)
c
d is in the fundamental representation of the Lie algebra of Sp(2N).
We substitute the structure constants (100) into (95). We then obtain
the N = 6 (on-shell) SUSY transformation law in the theory (see Appendix
B.1). The equations of motion can be derived from the Lagrangian obtained
by substituting eqs. (100) into the Lagrangian (94) and replacing Aµ
b
a by
1
k
Aµ
b
a (see Appendix B.1). The SUSY transformation law (116) and the
Lagrangian (115) are indeed in agreement with the N = 6, Sp(2M) × U(1)
superconformal CSM theory derived from the symplectic 3-algebra in ref.
[33], or from the ordinary Lie algebra in ref. [30].
4.3 N = 6, U(M)× U(N)
The Lagrangian this theory has been constructed in ref. [32]. For this paper
to be self-contained, it is worth to present the Lagrangian and SUSY trans-
formation law of D = 3,N = 6, U(M)× U(N) theory in this subsection.
To generate a direct gauge group such as U(M) × U(N), we split up a
lower 3-algebra index a into two indices: a → nnˆ, where n = 1, ...,M is
a fundamental index of U(M), nˆ = 1, ..., N an anti-fundamental index of
U(N). With this decomposition, the hermitian inner product (89) can be
written as a trace:
X∗aYa → X
∗
nnˆYnnˆ = X
∗t
nˆnYnnˆ ≡ Tr(X
†Y ), (102)
where the superscript “t” stands for the usual transpose. On the other hand,
according to the definition (89), the hermitian inner product can be also
written as: X∗aYa ≡ X¯
aYa, which leads us to decompose an upper index a as
a→ nˆn. Thus the hermitian inner product can be written as
X∗aYa ≡ X¯
aYa → X¯
nˆnYnnˆ ≡ Tr(X¯Y ) = Tr(X
†Y ). (103)
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We then specify the 3-bracket (91) to be
[tkˆk, tlˆl; t¯mmˆ] = k(δ
kˆ
mˆδ
l
mt
lˆk − δ lˆmˆδ
k
mt
kˆl). (104)
The structure constants can be easily read off as
f kˆk,lˆlmmˆ,nnˆ = k(δ
kˆ
mˆδ
lˆ
nˆδ
k
nδ
l
m − δ
kˆ
nˆδ
lˆ
mˆδ
k
mδ
l
n). (105)
It is straightforward to check that the structure constants f kˆk,lˆlmmˆ,nnˆ satisfy
the FI (92) and the reality conditions (86), and has the symmetry properties
(93). The structure constants are first discovered by BL [32] (though they
did not write down Eq. (105) explicitly), and they are also the same as the
components of an embedding tensor in Ref. [27].
Now let us show that the 3-bracket (104) is indeed equivalent to Bagger
and Lambert’s 3-bracket [32]. Writing X = Xkkˆt
kˆk, and Z¯ = Z¯mˆmt¯mmˆ, by
Eq. (104), one can get
[X, Y ; Z¯] = k(XZ¯Y − Y Z¯X)nnˆt
nˆn. (106)
The right hand side is the ordinary matrix multiplication. It is exactly the
same as Eq. (53) of Ref. [32]. In accordance with eq. (105), the gauge fields
can be decomposed as
A˜µ
kˆk
nnˆ = Aµ
mˆm
llˆf
kˆk,lˆl
mmˆ,nnˆ
= Aµ
kˆl
lnˆδ
k
n − Aµ
lˆk
nlˆδ
kˆ
nˆ
≡ Aˆµ
kˆ
nˆδ
k
n + Aµ
k
nδ
kˆ
nˆ. (107)
So the 3-bracket (106) and the FI (92) generate a U(M) × U(N) gauge
group [32], with Aˆµ
kˆ
nˆ the U(M) part and Aµ
k
n the U(N) part of the gauge
potential.
The supersymmetry transformation law and the Lagrangian in this the-
ory can be obtained by substituting the expression (105) of the structure
constants into eqs. (95) and (94), and replacing Aµ
b
a by
1
k
Aµ
b
a. To make
the paper self-contained, we include the results in Appendix B.2. The SUSY
transformation law (120) and the Lagrangian (117) are in agreement with the
D = 3,N = 6 U(M) × U(N) CSM theory, which has been derived from the
ordinary Lie algebra approach in ref. [30] and from the 3-algebra approach
in ref. [32].
This theory is conjectured to be the dual gauge theory of M2 branes a
C4/Zk singularity. If M = N , this theory becomes the well-known ABJM
model [22, 23, 25].
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5 Conclusions
In this paper, we first introduce an anti-symmetric tensor ωab into a 3-algebra,
with structure constants of the 3-bracket being symmetric in the first two
indices. We call it a symplectic 3-algebra. We then construct the generalN =
5 superconformal CSM theory with Sp(4) R-symmetry in three dimensions
in terms of this symplectic 3-algebra. All matter fields take values in this
symplectic 3-algebra. The gauge symmetry is generated by the 3-bracket
and FI. By specifying the 3-brackets, we provide the N = 5, Sp(2N)×O(M)
CSM theory as an example of our theory. It would be nice to see if CSM
theories with other gauge groups (for example, G2×SU(2) [27]) for multiple
M2 branes can be generated in a similar way with the 3-algebra approach.
Also it would be interesting to generalize the symplectic 3-algebra theory, so
that it can describe CSM quiver gauge theories.
We have succeeded in enhancing the N = 5 supersymmetry to N = 6
by decomposing the sympelctic 3-algebra and the fields properly. At the
same time, we also demonstrate that the FI and the symmetry and reality
properties of the structure constants of the N = 6 3-algebra can be derived
from the N = 5 counterparts. Hence some of N = 5, 6 superconformal
CSM theories are described by a unified sympletic 3-algebraic framework.
It would be nice to investigate the relation between these two kinds of 3-
algebras further. By specifying the 3-brackets, the N = 6, Sp(2N) × U(1)
and U(M) × U(N) CSM, including the ABJM theory, are derived. We also
compare the approach used in our previous paper [33] with that of this paper.
The same theory (Sp(2N) × U(1)) are derived by starting from different 3-
algebra formalisms.
It would be nice to construct the N ≤ 4 superconformal CSM theories
[39, 40] for multiple M2 branes in terms of 3-algebras.
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A Conventions and Useful Identities
In 1 + 2 dimensions, the gamma matrices are defined as {γµ, γν} = 2ηµν .
For the metric we use the (−,+,+) convention. The gamma matrices can
be defined as the Pauli matrices: γµ = (iσ2, σ1, σ3), satisfying the important
identity
γµγν = ηµν + εµνλγ
λ. (108)
We also define εµνλ = −εµνλ. So εµνλερνλ = −2δµρ. The Fierz transformation
is
(λ¯χ)ψ = −
1
2
(λ¯ψ)χ−
1
2
(λ¯γνψ)γ
νχ. (109)
Some useful Sp(4) identities are
ǫ¯AC1 ǫ2C
B − ǫ¯AC2 ǫ1C
B = ǫ¯BC1 ǫ2C
A − ǫ¯BC2 ǫ1C
A (110)
1
2
ǫ¯CD1 γνǫ2CD δ
A
B = ǫ¯
AC
1 γνǫ2BC − ǫ¯
AC
2 γνǫ1BC (111)
2ǫ¯AC1 ǫ2BD − 2ǫ¯
AC
2 ǫ1BD = ǫ¯
CE
1 ǫ2DEδ
A
B − ǫ¯
CE
2 ǫ1DEδ
A
B
− ǫ¯AE1 ǫ2DEδ
C
B + ǫ¯
AE
2 ǫ1DEδ
C
B
+ ǫ¯AE1 ǫ2BEδ
C
D − ǫ¯
AE
2 ǫ1BEδ
C
D (112)
− ǫ¯CE1 ǫ2BEδ
A
D + ǫ¯
CE
2 ǫ1BEδ
A
D
1
2
εABCD ǫ¯
EF
1 γµǫ2EF = ǫ¯1ABγµǫ2CD − ǫ¯2ABγµǫ1CD
+ ǫ¯1ADγµǫ2BC − ǫ¯2ADγµǫ1BC (113)
− ǫ¯1BDγµǫ2AC + ǫ¯2BDγµǫ1AC
εABCD = −ωABωCD + ωACωBD − ωADωBC . (114)
The Sp(4) indices can lowered and raised by the anti-symmetric tensor ωAB
and its inverse ωAB.
B SUSY Transformation Law and Lagrangian
in D = 3, N = 6 CSM Theories
For this paper to be self contained, below we give the explicit form of the
SUSY transformation law and the Lagrangian for the D = 3,N = 6 CSM
theories with SU(4) R-symmetry. For the notations, see the corresponding
subsections in the text.
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B.1 Sp(2N)× U(1) CSM Theory
The Lagrangian of the theory is given by
L = −DµZ¯
a
AD
µZAa − iψ¯
AaγµDµψAa
+ik(Z¯bBψ¯Abψ
AaZBa − Z¯
b
BZ
B
b ψ¯
AaψAa − Z¯
c
Bωcdψ¯
AdψAaω
abZBb ) (115)
−2ik(Z¯bBψ¯Abψ
BaZAa − Z¯
b
BZ
A
b ψ¯
BaψAa − Z¯
c
Bωcdψ¯
BdψAaω
abZAb )
−ikεABCD(Z¯aAψ¯BaZ¯
b
CψDb −
1
2
Z¯cAωcdZ¯
d
Cψ¯Baω
abψDb)
−ikεABCD(ψ¯
BaZAa ψ
DbZCb −
1
2
ZAa ω
abZCb ψ¯
Bcωcdψ
Dd)
+
1
2k
εµνλAµ∂νAλ −
1
4k
εµνλTr(Bµ∂νBλ +
2
3
BµBνBλ)
−3k2ZBa ω
abZDb Z¯
e
DZ
A
e Z¯
c
AωcdZ¯
d
B +
5k2
3
Z¯aAZ
B
a Z¯
b
BZ
D
b Z¯
c
DZ
A
c
−2k2Z¯aAZ
B
a Z¯
b
DZ
D
b Z¯
c
BZ
A
c +
k2
3
Z¯aBZ
B
a Z¯
b
DZ
D
b Z¯
c
AZ
A
c .
The SUSY transformation laws are given by
δZAd = −iǫ¯
ABψBd
δZ¯dA = −iǫ¯ABψ
Bd
δψBd = γ
µDµZ
A
d ǫAB − kZ
C
a ω
abZAb ωdcZ¯
c
CǫAB − kZ
C
a ω
abZDb ωdcZ¯
c
BǫCD
−kZ¯aCZ
C
a Z
A
d ǫAB + kZ¯
a
CZ
A
a Z
C
d ǫAB − 2kZ¯
a
BZ
C
a Z
D
d ǫCD
δψBd = γµDµZ¯
d
Aǫ
AB − kZ¯aCωabZ¯
b
Aω
dcZCc ǫ
AB − kZ¯aCωabZ¯
b
Dω
dcZBc ǫ
CD
−kZ¯aCZ
C
a Z¯
d
Aǫ
AB + kZ¯aAZ
C
a Z¯
d
Cǫ
AB − 2kZ¯aCZ
B
a Z¯
d
Dǫ
CD
δAµ = −ikǫ¯ABγµψ
BaZAa + ikǫ¯
ABγµZ¯
a
AψBa
δBµ
c
d = ikǫ¯ABγµω
caZAa ωdbψ
Bb − ikǫ¯ABγµωdbZ¯
b
Aω
caψBa
+ikǫ¯ABγµZ
A
d ψ
Bc − ikǫ¯ABγµZ¯
c
AψBd. (116)
B.2 U(M)× U(N) CSM Theory
The Lagrangian of the theory is given by
L = −Tr(DµZ¯AD
µZA)− iTr(ψ¯AγµDµψA)− V + LCS
−ikTr(ψ¯AψAZ¯BZ
B − ψ¯AZBZ¯BψA)
+2ikTr(ψ¯AψBZ¯AZ
B − ψ¯AZBZ¯AψB) (117)
+ikεABCDTr(ψ¯
AZCψ¯BZD)− ikεABCDTr(Z¯DψAZ¯CψB) .
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The Lagrangian (117) is the same obtained by BL [32], except for that we
re-scale the gauge fields by a factor 1
k
. The potential term is
V = 2k2Tr(Z¯AZ
AZ¯BZ
CZ¯CZ
B)−
4k2
3
Tr(ZAZ¯BZ
CZ¯AZ
BZ¯C)
−
k2
3
Tr(ZAZ¯AZ
BZ¯BZ
CZ¯C + Z¯AZ
AZ¯BZ
BZ¯CZ
C). (118)
The Chern-Simons term reads
LCS =
1
2k
εµνλTr
(
Aˆµ∂νAˆλ +
2
3
AˆµAˆνAˆλ − Aµ∂νAλ −
2
3
AµAνAλ
)
. (119)
The N = 6 SUSY transformation laws, which are closed on-shell with the
equations of motion derivable from the above lagrangian (117), are given by
δZA = −iǫ¯ABψB
δZ¯A = −iǫ¯ABψ¯
B
δψB = γ
µDµZ
AǫAB + k(Z
CZ¯CZ
A − ZAZ¯CZ
C)ǫAB + 2kZ
CZ¯BZ
DǫCD
δψ¯B = γµDµZ¯Aǫ
AB + k(Z¯AZ
CZ¯C − Z¯CZ
CZ¯A)ǫ
AB + 2kZ¯DZ
BZ¯Cǫ
CD
δAˆµ = −ikǫ¯ABγµψ¯
BZA + ikǫ¯ABγµZ¯AψB
δAµ = ikǫ¯ABγµZ
Aψ¯B − ikǫ¯ABγµψBZ¯A. (120)
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